Abstract It is shown here that the diameter of the d-dimensional cyclohedron is not greater than 5d/2 − 2. It is also shown that the 5/2 coefficient in this upper bound is asymptotically sharp. More precisely, the d-dimensional cyclohedron has diameter at least 5d/2 − 4 √ d − 4.
Pilaud have shown that the diameter of the d-dimensional associahedron of type D is exactly 2d − 2 for all d [3] .
The last infinite subfamily of generalized associahedra whose diameter is not known exactly is that of cyclohedra. The asymptotic diameter of these polytopes is given in this article using the same techniques as in [9] . More precisely, it is shown that the diameter ∆ of the d-dimensional cyclohedron is not greater than 5d/2 − 2 and not less than 5d/2 − 4 √ d − 4. Therefore this diameter grows like 5d/2 when d is large. More precisely:
The proofs will rely on the combinatorial interpretation of cyclohedra given in [11] . Informally, the vertices of the d-dimensional cyclohedron correspond to the centrally symmetric triangulations of a polygon with 2d+2 vertices, and its edges to flips between these triangulations. This combinatorial interpretation will be formally described in Section 2, and used in the same section to find a general upper bound on the diameter of cyclohedra. Particular pairs of centrally symmetric triangulations are further introduced in Section 3. These pairs will provide a lower bound on the diameter of cyclohedra that is asymptotically sharp. This bound will be derived at the end of Section 3 from a general inequality that will be proven in Section 5. This inequality will be obtained using the same techniques as in [9] . These techniques, originally developed in the case of arbitrary triangulations of convex polygons, are adapted to centrally symmetric triangulations in Section 4. In Section 6, a short discussion on the diameter of low-dimensional cyclohedra completes the article.
An upper bound on the diameter of cyclohedra
Consider a positive integer d and a convex polygon π with 2d + 2 vertices. Any set of two distinct vertices of π will be referred to as an edge on π. The elements of an edge will be called its vertices. An edge whose convex hull does not intersect the interior of π is a boundary edge of π. Consider a vertex x of π. The vertex of π opposite x will be denoted byx. In other words, x and x are separated by exactly d vertices along the boundary of π. An edge on π whose two vertices are opposite vertices of π is referred to as a diagonal of π. A triangulation of π is a maximal set of pairwise non-crossing edges on π. Note that any triangulation of π contains all the boundary edges of π. These edges will also be referred to as the boundary edges of the triangulation. The other edges of a triangulation will be called its interior edges.
Definition 1 A triangulation of π is called centrally symmetric when it contains edge {x,ȳ} as soon as it contains edge {x, y}.
Observe that any centrally symmetric triangulation of π contains exactly one diagonal of π. Consider a centrally symmetric triangulation T of π and an interior edge {x, x } of T . There is a unique quadrilateral whose four boundary x (left), and when x =x (right). In both cases, the edges introduced by the flip are dotted.
edges belong to T and that admit {x, x } as one of its diagonals. Denote by y and y the two vertices of this quadrilateral distinct from x and from x . The quadrilateral with vertices x, x , y, and y is sketched in Fig. 1 when x x (left of the figure) and when x =x (right of the figure). Observe that this quadrilateral is distinct from its symmetric in the former case, and coincides with it in the latter case. In particular, if x =x, then {x, x } and {y, y } are two diagonals of π. The flip operation can be defined as follows:
Definition 2 The operation of flipping edge {x, x } in triangulation T consists in replacing edges {x, x } and {x,x } within T by {y, y } and {ȳ,ȳ }.
This operation is sketched in Fig. 1 . Note that it results in a centrally symmetric triangulation of π distinct from T . Moreover, by central symmetry, the flip of edge {x,x } in T is the same operation as the flip of edge {x, x } in this triangulation. Note that flips are defined here in order to preserve central symmetry. This condition, specific to the case of cyclohedra, is not usually required in other contexts (see for instance [5] ). Now consider the graph whose vertices are the centrally symmetric triangulations of π, and whose edges connect two triangulations when they can be obtained from one another by a flip. This graph is isomorphic to the graph of the d-dimensional cyclohedron (see Theorem 1 in [11] ). Therefore, the distance of two vertices in the graph of a cyclohedron is also the minimal number of flips one needs to perform in order to transform the centrally symmetric triangulations corresponding to these vertices into one another. In particular, one can describe the paths in the graph of cyclohedra using a succession of centrally symmetric triangulations related by flips. Consider two centrally symmetric triangulations T . This distance will be denoted by δ(P ) in the following of this article.
One can obtain an upper bound on the distance between two centrally symmetric triangulations of a convex polygon using the same general idea than that of the proof of Lemma 2 from [12] :
Theorem 1
The distance of two centrally symmetric triangulations of a convex polygon with 2d + 2 vertices is not greater than 5d/2 − 2.
Proof Consider a convex polygon π with 2d + 2 vertices labeled clockwise from 0 to 2d + 1. Let T − and T + be two triangulations of this polygon. One can assume without loss of generality that the unique diagonal of π that belongs to T − is {0,0}. Let x be the vertex of π so that 0 ≤ x ≤ d and {x,x} is the unique diagonal of π contained in T + . It can be assumed that x is not less than d/2 + 1 by, if needed, relabeling the vertices of π counterclockwise from 0 to 2d + 1 in such a way that0 is relabeled 0. Using the correspondence between the graphs of cyclohedra and the centrally symmetric triangulations of convex polygons and their flips, one derives an upper bound on the diameter of cyclohedra from Theorem 1:
The remainder of the article is dedicated to finding lower bounds on the diameter of cyclohedra. In order to do this, particular pairs of centrally symmetric triangulations will be shown to have large distances. The family of these pairs is defined in the next section.
Distant pairs of centrally symmetric triangulations
Throughout this section, d is a positive integer and π is a convex polygon with 2d+2 vertices, labeled clockwise from 0 to 2d+1. A vertex of π will be referred to using any integer congruent to its label modulo 2d + 2. This allows using arithmetic operations on the vertices of π.
Consider the centrally symmetric triangulations A 
Observe that, by definition, a must be greater by at least one than the number of interior teeth of A − . Hence the following inequality holds: (1) and (2), the following inequality holds:
Note that inequality (3) 
Most of the remainder of the article is dedicated to proving this theorem. Before doing so, it is first explained how the announced lower bound on the diameter of cyclohedra can be derived from Theorem 2.
Theorem 3 If d is greater than 5, then there exists a pair of centrally symmetric triangulations of π with distance at least
Proof Assume that d > 5. Let a be an integer so that 
In the remainder of the proof, it is shown that a can be chosen in such a way that δ(A) ≥ 5d/2 − 4 √ d − 4. This lower bound on δ(A) can be derived from (5) if and only if a satisfies the following inequality:
Solving (6) for a yields:
As d > 5, the right-hand side of (7) is greater than 1/2. Moreover, 4 √ d/5 is bounded below by 3/2, and above by d/2 − 1. Therefore, there exists an integer solution a to inequality (6) that also satisfies (4) .
Hence, because of the correspondence between the graphs of cyclohedra and the centrally symmetric triangulations of convex polygons and their flips, the following result is a direct consequence of Theorem 3:
Vertex deletions
In order to prove Theorem 3, a set of recursive inequalities on the distance of This kind of inequalities will be obtained using the operation of deleting a vertex from a triangulation, already used in [10] for triangulations of cyclic polytopes and in [9] for triangulations of convex polygons. This section begins with a definition of this operation in the case of centrally symmetric triangulations of convex polygons. Throughout the section, π is a convex polygon with an even number of vertices labeled in an arbitrary way. In particular, these labels are not necessarily consecutive integers. Let T be a centrally symmetric triangulation of π. Consider a boundary edge of π and label the vertices of this edge by p and q, in such a way that q immediately follows p clockwise. Any oriented pair such as (p, q) will be called a clockwise oriented boundary edge of π. In [9] , deleting vertex p from T consists in removing {p, q} from T and replacing p by q within every other edge of T . Informally, this operation amounts to displace a vertex of π to its clockwise immediate successor.
When π has at least four vertices, deleting (in the sense of [9] ) a single vertex from T results in a triangulation of a convex polygon with one vertex less (see Proposition 2 in [9] ). Observe, however, that the triangulation obtained from this operation cannot be centrally-symmetric because the number of its vertices is odd. For this reason, a different deletion operation needs be defined that affects two opposite vertices of π. More precisely:
Definition 4
The operation of deleting vertex p from T consists in removing edges {p, q} and {p,q} from T , and replacing p andp by respectively q andq within all the other edges of T . The resulting set of edges is called T p.
The deletion operation defined here in the case of centrally symmetric triangulation alternatively consists in performing two consecutive deletions in the sense of [9] . Therefore, by Proposition 2 from [9] , T p is a triangulation as soon as T is a triangulation with at least 6 vertices. It also follows from Definition 4 that T p is centrally symmetric.
Consider two triangulations T − and T + of π, and call P the pair {T − , T + }. The deletion of vertex p can be extended to P as follows: 
Consider the sequence of triangulations T 0 p to T k p. Two consecutive triangulation in this sequence are either identical or can be obtained from one another by a flip. More precisely, if the flip that transforms T i−1 into T i is incident to {p, q}, then the deletion of vertex p sends these two triangulations to the same triangulation. Indeed, in this case, the quadrilateral affected by this flip is shrunk to a triangle by the deletion. If the flip that transforms T i−1 into T i is not incident to {p, q}, then the quadrilateral affected by a flip remains a quadrilateral after the deletion and T i−1 p and T i p are still related by a flip.
Therefore, removing unnecessary triangulations from the sequence of triangulations T 0 p, ..., T k p, one obtains a path of length k between T − p and T + p. As the number of triangulations that have been removed in this process is also the number f of flips incident to {p, q} along path (T i ) 0≤i≤k , one obtains k = k − f . By definition, k is at least δ(P p). As, in addition, k is equal to δ(P ), then the desired result holds. Under some conditions on two triangulations, some boundary edge must be incident to at least two flip along any geodesic between then. For instance, the following lemma in a consequence of Lemma 1: 
Proof Assume that the triangles of T 
Hence the desired result holds with x = p 0 . Assume that there is at most one flip incident to {p 0 , p 1 } along (T i ) 0≤i≤k . In this case, there must be exactly one such flip. Indeed, by hypothesis, the triangle of T + incident to {p 0 , p 1 } is the ear at vertex p 1 . Since the triangles of T − incident to {p 0 , p 1 } and to {p 1 , p 2 } do not share an edge, they must be distinct from the ear at vertex p 1 . Therefore, some flip along (T i ) 0≤i≤k must be incident to {p 0 , p 1 }.
Assume that the flip incident to {p 0 , p 1 } along (T i ) 0≤i≤k is the j-th one. This flip must then replace {p 1 , r} by {p 0 , p 2 } as shown in Fig. 4 , where r is the vertex of π so that {p 0 , r} and {p 1 , r} belong to T − . Observe that this flip is incident to {p 1 , p 2 }. Moreover, as the triangles of T j−1 incident to {p 0 , p 1 } and {p 1 , p 2 } have a common edge, at least one of the first j − 1 flips along (T i ) 0≤i≤k must be incident to {p 1 , p 2 }. Hence, at least 2 flips along (T i ) 0≤i≤k are incident to this edge, and according to Lemma 1,
As a consequence, the desired result holds with x = p 1 .
The previous lemma can be generalized to sequences of deletions: 
Proof Assume that the triangles of T − incident to {p 0 , p 1 }, ..., {p n−1 , p n } do not have common edges, and that T + contains {p 0 , p n }. The lemma will be proven by induction on n. First observe that if n = 2, then the result immediately follows from Lemma 2. Now assume that n > 2. As {p 0 , p n } is an edge of T + , this triangulation induces a triangulation U of the polygon with vertices p 0 to p n . Any triangulation of a polygon with at least four vertices has at least two ears. Hence, U has at least two ears and at least one of them is an ear at some vertex p i so that 0 < i < n. By assumption, the triangles of T − incident to {p i−1 , p i } and to {p i , p i+1 } do not share an edge. Therefore, Lemma 2 provides some x ∈ {p i−1 , p i } so that the following inequality holds:
Consider the vertices p 0 , ..., p n−1 obtained by removing x from p 0 , ..., p n , and by relabeling the resulting sequence in such a way that the order of the indices is preserved. By construction, the triangles of T − x incident to {p 0 , p 1 }, ..., {p n−1 , p n } do not have common edges, and {p 0 , p n } belongs to T + x. Therefore, by induction, some pair Q of centrally symmetric triangulations, obtained from P x by deleting all but one of the vertices p 0 , ..., p n−2 satisfies the following inequality:
The result is then obtained combining (8) with (9).
Proof of the main inequality
Theorem 2 is proven in this section using the techniques introduced in the previous section. As in [9] , different sequences of deletions will be performed within 
Observe that there must be at least 2 flips incident to edge {d − 1, d} along any geodesic from A − 0 to A + 0. Indeed, otherwise the single such flip would replace {1, d} by {d − 1,t}. In particular, the triangulation within which this flip is performed would contain both {1, d} and {1,t}. By symmetry, it would also contain edge {1, t}, which is impossible because this edge crosses {1, d}. Therefore, combining (10) and (11) completes the proof.
Observe that Lemma 4 requires the existence of a particular path between the two triangulations in an (a, b, c, d )-pair, which is a rather strong condition. Other conditions will be investigated in order to exhaust all possibilities. The following lemma deals with the case when c is equal to d: 
Lemma 5 Consider an (a, b, c, d)-pair A and call t the number of interior edges of
Assume that c is equal to d. The remainder of the proof consists in showing that
The desired result is then obtained by combining inequalities (12) 
Observe that {r, t−1} is a boundary edge of C 
Combining (14) with (15) therefore proves inequality (13).
The requirements of the next theorem (Theorem 4 below) are complementary to those of the last two lemma. In the proof of this theorem, the following lemma will instrumental. In particular, it will be invoked twice. (a, b, c, d) 
Lemma 6 Consider an
Proof Consider a geodesic (T i ) 0≤i≤k from A − to A + and consider an integer j so that 0 ≤ j ≤ k. Assume that triangulation T j has an interior edge whose two vertices belong to {c, ..., d,0}. Denote these vertices by q and r with the convention that q is less than r. In this case, triangulation T j necessarily has an ear at some vertex p so that q < p < r. Indeed, since T j contains {q, r}, it induces a triangulation U of the polygon whose vertices are vertices q to r. Any triangulation of a polygon with at least four vertices has at least two ears. Hence, if U has at least four vertices, then one of its ears is an ear at some vertex p so that q < p < r. If U has exactly three vertices, then it is made up of a single triangle, and this triangle is an ear at vertex p = q + 1. Note that U cannot have less than 3 vertices because {q, r} is an interior edge of T j . Therefore, U always has an ear at some vertex p so that q < p < r and this ear is also an ear of T j . Now observe that triangulations T j and A + satisfy the conditions of Lemma 2. Note, in particular, that the triangles of A + incident to {p − 1, p} and to {p, p+1} do not share an edge because, by definition, A + has a comb at vertex p. Therefore, there exists x ∈ {p − 1, p} so that
Further note that {x, x + 1} is not incident to the same triangle in A − and in T j because A − does not have an ear at vertex p. Hence, at least one of the first j flips along (T i ) 0≤i≤k is incident to {x, x + 1}. By Lemma 1,
Since k is precisely the distance of pair A, combining (16) with (17) and using the triangle inequality yields Observe that {0, d} is not incident to the same triangle in A − and in A + . Hence, at least one flip must be incident to {0, d} along (T i ) 0≤i≤k . In fact, there must be exactly two such flips. Indeed, the unique such flip would otherwise replace the diagonal {0,0} by edge {1, d}. However, since d is greater than 1, the latter edge cannot be a diagonal and such a flip is therefore impossible. Assume that the two flips incident to edge {0, d} along (T i ) 0≤i≤k are the j-th one and the j -th one, with j < j . Observe that the j-th flip along (T i ) 0≤i≤k either introduces edge {0, z} where 0 < z < d or edge {d,z} where 0 < z ≤ d. The two cases will be reviewed separately.
First assume that the j-th flip along (T i ) 0≤i≤k introduces edge {0, z} where 0 < z < d. This flip must then be as shown top left on Fig. 7 . In this case, the j -th flip along (T i ) 0≤i≤k necessarily replaces {0, z} by {1, d} as shown top right on the same figure. Observe that the latter flip is incident to {0, 1}. There must be at least one other flip incident to this edge, taking place earlier along path (T i ) 0≤i≤k because edge {0, 1} is incident to distinct triangles in A − and in T j −1 . Say the first flip incident to {0, 1} along (T i ) 0≤i≤k is the j -th one. Since at most 2 flips along path (T i ) 0≤i≤k are incident to edge {0, 1}, then the j -th and the j -th flip are the only two such flips. In particular, the latter flip must replace the triangle of A − incident to {0, 1} by the triangle of T j −1 incident to the same edge. Therefore this flip removes {0, c} and replaces it by {1,z} as shown in the bottom of Fig. 7 . As one can see in the figure, z cannot be less than c. Indeed, triangulation T j −1 would otherwise contain crossing edges, as for instance {0, c} and {0, z}.
This shows that {0, z} is an interior edge of T j whose two vertices belong to {c, ..., d,0}. Therefore, the desired result follows from Lemma 6. Therefore, {d,z} must also be a diagonal, which proves that z = d. In this case, the j-th flip along path (T i ) 0≤i≤k is necessarily the one shown top left on Fig. 8 , and the j -th flip along (T i ) 0≤i≤k must replace {0,d} by {1, d} as shown top right on the same figure. Observe that the latter flip is incident to edge {0, 1}. There must be at least one other flip incident to this edge, taking place earlier along path (T i ) 0≤i≤k . Indeed, edge {0, 1} is incident to distinct triangles in A − and in T j −1 because c is less than d. Say the first flip incident to {0, 1} along (T i ) 0≤i≤k is the j -th one. Since at most 2 flips along path (T i ) 0≤i≤k are incident to edge {0, 1}, then the j -th and the j -th flip are the only two such flips. In particular, the latter flip must replace edge {0, c} by edge {1, d} as shown bottom left on Fig. 8 .
Observe that triangulation T j contains edge {c, d}. If c is less than d − 1, then this edge is an interior edge of T j and the result follows from Lemma 6. If c is equal to d − 1, then {c, d} is a boundary edge of T j and the j -th flip along (T i ) 0≤i≤k is incident to it. Observe that {c, d} is not incident to the same triangle in T j and in A + . Hence, at least one of the last k − j flips along (T i ) 0≤i≤k is incident to edge {c, d}. In fact, there must be at least two such flips. Otherwise, the unique such flip must replace {1, d} by {c,t} as shown bottom right on Fig. 8 , where t is the vertex so that edges {c,t} and {d,t} belong to triangulation A + . In particular, 1 < t < d. This flip cannot occur within a centrally symmetric triangulation. Indeed, by symmetry, this triangulation would then also contain edge {1,d}, sketched as a thin line in Fig. 8 . However, {1,d} crosses at least two edges of the triangulation as, for instance edges {1,t} and {d,t}.
This shows that at least two of the last k − j flips along (T i ) 0≤i≤k are incident to edge {c, d}. Since the j -th flip along this path is also incident to {c, d}, then Lemma 1 provides the desired result with x = c.
Consider an (a, b, c, d) 
As d = a + b/2 + 2, one immediately obtains:
According to (1) , b ≤ d − 1. Therefore, (19) yields:
As the ratio of 2c − b and a is positive, summing (19) with (20), and adding this ratio to the right-hand side results in the following inequality:
One then obtains the desired inequality by combining (18) with (21). Now assume that d − b/2 is greater than a + 2. Further assume that, for any
Recall that the conditions of Lemma 4, of Lemma 5, and of Theorem 4 are complementary. In the remainder of the proof, these conditions are reviewed one after the other, and the result is proven in each case.
First assume that at least 3 flips are incident to {0, 1} along some geodesic between A Therefore, the result holds because c is not greater than c − t + 1.
Discussion
It has been shown in this article that the diameter ∆ of the d-dimensional cyclohedron is at least 5d/2 − 4 √ d − 4 and at most 5d/2 − 2. In particular, this diameter grows like 5d/2 when d is large:
The values of ∆ when d is small can be obtained computationally. These values deceptively suggest a 7/3 coefficient instead of the above 5/2: In this table, the starred value is only a lower bound on ∆ that is not necessarily sharp. An exact computation was not possible in this case due to prohibitive computation time. Each value of ∆ is greater by 2 than the preceding value, except for the ones shown in bold characters, corresponding to d = 7 and d = 10, that are greater by 3 than the preceding value. Note that the lower bound on ∆ when d is equal to 13, also shown in bold, is greater by 3 than the preceding value in the table as well.
The last of the three infinite subfamilies of generalized associahedra whose diameter is not known exactly, but only asymptotically, is that of cyclohedra. However, the asymptotic behavior of this diameter is very different from its behavior at low dimensions, which suggests that evaluating the exact diameter of cyclohedra for all dimensions may turn out to be difficult.
